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is 0.2 [given by the assumption (14)]. For \=800 /x 
and X=2.5 cm the maximal value of K is 0.16 and 
0.014 in Si and Ge, respectively. 

The numerical computations of the ratio a/K given 
by the formula (18) were performed for the concen
trations of donors 2.0X1017, 6.2X1017, 2.0X1018 cm"-3 

in Si and 6.0X1016, 1.9X1016, 6.0X1016 cm"3 in Ge. At 
the two lower concentrations in each material we are 
interested in tiw smaller than one-fourth of the ioni
zation energy of a donor. We shall thus avoid the 
influence of the excited states of donors. At highest 
concentrations we are in the "intermediate region" of 
the impurity conduction. Apart from the problem of the 
conduction mechanism in this region the ground states 
of donors do not form yet the impurity band and our 
results should be valid if fuo is smaller than, say, one 
half of the concentration-dependent activation energy 
€2 of conduction. We take e2 about 8X10-3 eV in Si 
(rather arbitrarily) and about 2X10-3 eV in Ge.17 At 
still higher concentrations the ground states of donors 
form the impurity band and our model cannot be used. 
The long-wavelength limitations in our computations 
were given by the assumption (16) except of the highest 

17 H. Fritzsche, Phys. Chem. Solids 6, 69 (1958). 

I. INTRODUCTION 

THE thermal behavior of the widths and positions 
of sharp optical transitions of (3d) ions in solids 

has recently been actively investigated by a number of 
authors1^10 and successfully interpreted in terms of 
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concentration in Ge where the restriction (20) is 
stronger. 

In the Fig. 2 we give the computed ratio a/K as a 
function of the wavelength of radiation for the men
tioned concentrations of donors in Si and Ge. The 
maximal values of the absorption coefficient in our 
ranges of wavelength, concentration, and compensation 
are 190 cm"1 in Si (iV=2.0Xl018 cm"3, X = 0.2, X=310 
/i) and 50 cm"1 in Ge (iV=6.0X1016 cm"3, £=0.2 , 
X=1.3X10-1cm). 

At wavelengths larger than about 500 \x and 3X10"1 

cm in Si and Ge, respectively, the assumption (17) is 
fulfilled in the whole range of integration over R in (18). 
For X smaller than about 450 /z in Si and 2.5 X10 -1 cm 
in Ge the contribution from R's nonfulfilling (17) is 
about one-half of the total absorption coefficient. Thus, 
for such wavelengths, our results are rather semi
quantitative. 
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Phonon-ion interactions have recently been shown to satisfactorily explain the temperature dependence of 
widths and positions of the R lines of some 3d ions in crystals. These interactions give rise to phonon re
laxation processes and are investigated here as the mechanisms responsible for the widths and positions of 
sharp optical transitions in (4/) ions, in particular LaF3 :Pr3+. The widths of transitions originating or termi
nating in the metastable 3Po state and involving the zlh, 3#e, 3^2, and *Ft states of Pr3f in LaF3 have been in
vestigated as a function of temperature and are found to be both qualitatively and quantitatively explain
able in terms of lifetime broadening of the interacting states via nonradiative processes. Temperature-
dependent shifts have also been measured for the above four groups of transitions and are shown to be in 
qualitative agreement with theoretical predictions. Additional features of the LaFajPr3"*" spectrum, including 
several unreported weak transitions and vibrational sidebands, are also reported. 
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less. Gommon,2'3'11'12 although the optical spectra of 
these ions, and in particular Pr34-, in hosts of different 
coordination have been extensively studied13"19 and are 
now well understood in terms of the so-called rare-earth 
approximation (FCRYSTAL< FSPIN ORBIT).20 While Dieke11 

and Kiel4 have qualitatively discussed the general 
features of rare-earth ion spectral linewidths, a detailed 
quantitative study has not yet been undertaken. 

We have investigated in detail the temperature de
pendence of the widths and positions of four groups 
(Stark manifolds) of strong optical transitions originat
ing or terminating in the long-lived optically excited 
3P0 state of LaFsiPr3*. We find that by generalizing 
the existing theory6-9 to include these more complex 
spectra, we may quantitatively and qualitatively obtain 
an understanding of the temperature dependence of 
widths of rare-earth ions in solids. 

In the majority of the transitions studied, even at 
the lowest temperatures, we find the linewidths reflect 
the lifetime of the interacting states, i.e., the lines are 
homogeneously broadened. This is, typically, not the 
radiative lifetime, but a much shorter lifetime corre
sponding to nonradiative relaxation between neighboring 
excited states. Since all transitions studied have the 3P0 
singlet in common, we may then directly compare the 
thermal behavior of the investigated lower Stark mani
folds. 

We find the linewidths of a given / manifold exhibit 
related temperature dependences which are character
istic to that manifold. This characteristic dependence 
is found to differ, markedly in some instances, among 
the various groups studied. 

Since the crystalline structure in the neighborhood 
of impurity sites of LaF3 is highly complex, a detailed 
analysis would be difficult. Fortunately, phonon relaxa
tion mechanisms have characteristic and well-under
stood temperature dependences21-23 which allow us to 
determine the dominant broadening mechanisms in 
each of the manifolds studied. Assuming the existence 
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of these relaxation mechanisms, we can satisfactorily 
explain the thermal behavior of all the lines examined. 

These same interactions are also responsible for an 
observable shift in the energy levels of impurity ions 
in crystals. In the case of the (3d) ions in crystals which 
have been studied, one observes red shifts monotonically 
increasing with increasing temperature, which are in 
excellent agreement with theoretical predictions.7-9 In 
certain rare-earth cases the temperature shifts are both 
to the red and to the blue.2 We propose a slight gen
eralization of existing line shift theory6"8 that quali
tatively appears to give correct results. 

Recently, the absorption and emission spectra of 
Pr3+ ions in LaF3 have been reported.17 We have re
investigated in more detail the emission spectrum in 
the 10 000 to 22 000 cm"1 optical range and find ex
cellent agreement with the published results. In addi
tion, we have been able to detect and identify a number 
of hitherto unreported weak transitions. 

II. EXPERIMENTAL DETAILS 

Unoriented crystals of trivalent praseodymium-doped 
LaF3 were kindly provided by H. Muir and R. Solomon 
of Varian Associates. The doping ranged from 0.1% to 
10%; the majority of the work was done using crystals 
of 1% Pr3+ concentration. 

Fluorescence was excited by water cooled G.E. AH-6 
high-pressure mercury arc lamps. Scattering light was 
reduced or suppressed by using dilute CuS04 solutions 
and/or various combinations of glass colored filters at 
the source and at the entrance slits of the spectrometers 
used. A PEK X-76 short arc, high-pressure xenon 
source, passed through a Bausch and Lomb GB 89 broad
band monochromator, was used to study absorption. 

Spectral identification was undertaken photographi
cally (at 77°K for convenience) using a Bausch and 
Lomb dual grating spectrograph. The gratings yielded 
dispersion figures of 8.1 A/mm and 4.0 A/mm, respec
tively. Kodak IN and 103-0 plates were used. Exposure 
times ranged from a few minutes to several hours, the 
latter times being necessary in order to obtain weaker 
lines. Line positions were measured from standard 
reference lines superimposed on the data plates using 
a Grant Instrument Inc. Line Measuring Comparator. 
Some transitions appeared as asymmetries in other 
lines; these positions were obtained by manually cor
recting the asymmetries on graphic traces obtained 
using a Jarrell-Ash 23-100 recording microphotometer, 
or from traces obtained during linewidth measurements. 

Linewidths, in absorption and fluorescence, were 
measured using a Jarrell-Ash 78-400, 1.8-m Ebert 
scanning spectrometer capable of very high resolution. 
Eighth or higher orders were used to match the grating 
blaze angle. Signals were detected by a specially housed, 
liquid-nitrogen cooled RCA 7265, S-20 photomultiplier. 
Signal-to-noise ratios were on the average better than 
10:1. 
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Temperature-dependent line shifts were measured 
photographically and rechecked using the scanning 
instrument. Line displacements were always measured 
from nearby standard reference lines. 

Sample temperatures were controlled by direct 
coolants. In order to obtain intermediate temperatures, 
a nitrogen gas blower described elsewhere was used.9'24 

Temperatures ranged from 4.2-300 °K, and were mea
sured using thermocouples inserted in the crystals. 
Temperatures could easily be held to ±1°C during a 
measurement. 

III. THEORETICAL REVIEW 

The theory4•7>25~27 of phonon-induced relaxation proc
esses has been extensively studied21-23'28 and has been 
demonstrated in ESR spin-lattice relaxation studies in 
rare-earth salts25 and other paramagnetic ions and 
defects.29 The theory has recently been extended to 
successfully explain the thermal behavior of widths and 
positions of sharp-line optical transitions of some (3d) 
ions in solids.5-9 We present here a synopsis of relevant 
relations applying to (4/) ions in crystals and the 
manifested effects of phonon perturbations on the opti
cal spectra of these ions in solids. 

The Hamiltonian describing our system of an im
purity ion in a host crystal may be written as 

WT=W0+Wp+3Cl, (1) 

where 3C0^3CFREE-ION+Fo describes the ion in the pres
ence of a crystalline electric field VQ, 

k 

describes the phonon system, and 

/ h V'2 

3Ci=Z Ca>kW(ak-aJ) 
* \2MvV 

+ E ( -WJfc
1/W1/8(fl*-aJfct)(aife,-fl^)+ • • • 

= 3Ci/+JCi,,+ .-- (2) 

describes the interaction between the ion and the lattice 
vibrations. In these expressions, ak and arf are annihila
tion and creation operators of phonons in the &th mode, 
oik is the frequency of the &th mode, C and D are 
crystal-field coupling operators which operate on the 
electronic states \Ai) of the ion, M is the mass of the 
crystal, and v is the average sound velocity in the 

24 W. M. Yen and R. E. Norberg, Phys. Rev. 131, 269 (1963). 
26 P. L. Scott and C. D. Jeffries, Phys. Rev. 127, 32 (1962). 
26 G. F. Imbusch and A. L. Schawlow (to be published). 
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units (cm-1) throughout. 
28 See, for example, R. Orbach, in Fluctuations, Relaxation and 

Resonance in Magnetic Systems, edited by D. ter Haar (Oliver and 
Boyd, Edinburgh, 1961), p. 219. 

29 See, for example, J. G. Castle, D. W. Feldman, P. G. Klemens, 
and R. A. Weeks, Phys. Rev. 130, 577 (1963). 
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FIG. 1. Typical crystal-
field splittings of rare-earth ED = k 8Q 
ions. 

crystal. We have assumed throughout that k=a)k/v and 
that v is independent of k. 

A. Linewidths of Optical Transitions 

The widths of radiative transitions of ions in crystals, 
although they vibrate rapidly, exhibit no Doppler 
broadening since the amplitude of vibration is small. 
Moreover, radiative lifetimes of states are typically of 
the order of 10*~2-10~6 sec, which in terms of optical 
broadening may be considered negligible.3 

Other than a few notable exceptions,30 at the lowest 
temperatures the transition linewidths of ions in solids 
exhibit a measurable breadth which may be accounted 
for in some cases by random microscopic strains of the 
host crystal.2,3'31,32 As temperature increases the widths 
invariably increase; we concern ourselves with these 
temperature-dependent broadening mechanisms. 

Considering a system of g-electronic levels with 
arbitrary splitting Tij^=ho)ij/ii, as shown in Fig. 1, for 
the ith level the relaxation transition probability, due 
to one phonon, or "direct," processes22 is 

Wi*= {E^7P(^)K^|cM,)|2C^o(^)+i] 
2Mv2h i<i 

+ Z w*/p(w</)| (Aj\C\Ai)12po(o)ij)} 

= »{£|8<Oo(««)+i:]+Efttfo(«y)}. (3) 

In Eq. (3), p(co#) is the detailed phonon density of 
states at frequency coij and 

1 
^ o ( c o ^ y ) - — — — ~ ~ (4) 

_ _ _ exp(ZVr)-l 
80 Z. J. Kiss, Appl. Phys. Letters 2, 61 (1963). 
81 A. A. Kaplyanskii and A. K. Przhevuskii, Dokl. Akad. Nauk 

SSSR 142, 313 (1962) [English transl.: Soviet Phys.—Doklady 7, 
37(1962)]. 

32 A. L. Schawlow, A. H. Piksis, and S. Sugano, Phys. Rev. 122, 
1469(1961). 
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is the thermal equilibrium phonon population of the 
k(o)i3) mode. At zero temperature, Eq. (3) becomes 

( W V W E f t y . (3a) 

For rare-earth ions, with crystal-field separations, fionj 
typically of the order of 10-102 cm -1, Eq. (3a) yields 
contributions to the probabilities of the order of 1013 

sec-1.83 The latter are observable optical broadenings. 
The temperature dependence of the linewidth due to 
the direct process relaxation may be numerically 
evaluated and will enter solely through the phonon 
occupation numbers. 

The emission of multiple phonons allows relaxation 
in cases where the splitting of electronic states is such 
that Ti:>>dD- The transition probability per unit time 
may be obtained by higher order perturbation theory 
and has been shown to be essentially temperature-
independent.4 Thus, 

(5a) 

and 

Win^ £ J S ^ c o n s t a n t , 
3<i 

W2>W*>--->Win (5b) 

where in Eq. (5b) the superscripts denote the number 
of phonons involved in the emission process. Multiple 
phonon absorption processes are negligible in the tem
perature ranges of interest. 

Another contributing multiphonon process is the 
Raman process associated with phonon scattering by 
impurity ions; its contribution to the relaxation process 
may be calculated using 3C' in second order and 3C" 
in first; the net result for the ith level is7 

2TT /T\7 rd^T x6ex 

W^^—aA — ) / dx 
* \eD/Jo (ex-l)2 

2TT /T\7
 /0D\ 

where X—JICO/KT and 

9h2 /K6D\*\ 

(6) 

\KBDJ I 

+ E 
3ft /K6DV\ 

\ ft / L/̂ i 

] } , (6a) 
87T4pV° 

EjhEui 

a%= 
2wV (i)bAmAi)-: \(Ak\c\A{)\* 

Eik ]• (6b) 

In obtaining Eq. (6), we have assumed a Debye phonon 
density of states and have made the assumption that 
adjacent ionic states k are such that £»^»ftw. In prac
tice, this last assumption is not necessarily proper; 
resonant denominators arise if this condition is released. 

88 In this order of magnitude calculation, we have taken 
0~2.5X108 cm/sec, 0/)~3OO°K and assumed |<^ t |C|^y>|2 to be 
of the order of 103 cm"2 as calculated in Ref. 25. 

These terms are partially dealt with later in the de
velopment with regard to line shifts. The integral 
£ 6 (0D/7O has been tabulated by Ziman.34 

For the ith level, the total contribution to the line-
width due to 5Ci may thus be written 

APi^WJ+Wf+Wi^Avf+APiiT) 

3<i 3<i 

2TT f 
rvA -

3>i #•© (7) 

All processes in Eq. (7) give rise to a homogeneous 
broadening of the optical transition, and hence predict 
Lorentzian line shapes.35 For any given optical transi
tion, the Lorentzian contribution may then be expressed 
as the sum of the width of the transition states, i.e., 

Ai>*y=Aj>d-Aj>y. (7a) 

Equation (7a) yields the temperature dependence of 
the homogeneous linewidth contribution due to phonon 
relaxation processes. 

Empirically, the observed linewidth contains an in-
homogeneous contribution due to random microscopic 
crystal strains. These strains yield a Gaussian line shape 
since their origin is statistical. Linewidth may be re
solved into homogeneous and inhomogeneous contribu
tions, using the numerical tables compiled by Posener.36 

B. Line Shifts 

The introduction of the perturbation JCi leads also 
to an energy level shift which may readily be evaluated; 
in the Debye approximation, the shift of the ith level 
is given by 

AE,(Z> 
«*° 

dx + E E • 
o ex—l 2ir2pv5 i^i k ex—l \ej Jo 

XJ|<^|C|^>|«[^ 
fto^ Eij-\- ftcojfc. 

—it. 
when Eij is in the range zkhaiD, the second term will 
exhibit a resonance which may be evaluated by contour 
integration.7 We thus obtain 

AEi(T)=-aI—) f 
\eDJ Jo 

3<i \ 1 ij/ J o 

QDlT x'i 

dx 
o ex-l 

+: dx-
x6 

%3' 

3>i \lij/ JQ 

6DIT 

dx-

e * - l 3 * - ( a V 0 z > ) * 

x* 1 

e ' - l a M T V f f D ) 8 
(8) 

84 J. M. Ziman, Proc. Roy. Soc. (London) A226, 436 (1954). 
36 A. C. G. Mitchell and M. W. Zemansky, Resonance Radiation 

and Excited Atoms (Cambridge University Press, Cambridge, 
1961), Chap. IV. 

36 D. W. Posener, Australian J. Phys. 12, 184 (1959). 
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where P denotes the principal part of the integral and 
en is given by Eq. (6b). In Eq. (8), we have neglected 
the phonon zero-point contribution by taking the posi
tion at 0°K as the origin. At zero temperature, the 
latter contribution may be non-negligible and may give 
rise to observable isotope shifts.3'37 

The first term of the shift expression, Eq. (8), is, 
apart from a multiplicative constant, the same as the 
expression of the total heat of the crystal; correlation 
of line shift with total heat has indeed been observed.9 

C. Vibrational Sidebands and Density 
of Phonon States 

Again, due to the perturbation 3Ci, any radiative 
(photon) transition between electronic levels of an ion 
in a crystal will exhibit emission and absorption side
bands. These sidebands correspond to the simultaneous 
emission or absorption of phonon-photon pairs which 
occur due to the mixing of state functions via the 
perturbation; the intensity of the sidebands may be 
shown to be26 

TABLE I. Fluorescence spectrum of LaF8:Pr3+.a 

1 i-tj^ J-§\ 
r {At\C\Ai) Mik{Ai\C\Ah)(Ak\C\A,y 

hu i*i Mi, Ejk± hu 

X [ M « ) ± 1 > P ( W ) , (9) 

where Mjh={Ak\d\Aj) with d the appropriate dipole 
operator. 

At zero temperature and assuming that EjOhu, 
Eq. (9) reduces to 

-/. 
\(Ai\C\Ai)\*P(u)_ 

(9a) 

thus, in this approximation, the vibrational sidebands 
yield the allowed density of phonon states in the crystal 
or, more specifically, in the neighborhood of the ion 
site.38 

IV. THE FLUORESCENCE SPECTRUM OF LaF«:Pr»+ 

Recently, Wong, Stafsudd, and Johnson have re
ported the emission spectrum of LaFs: Pr3+ in the 14 000 
to 21 000 cm-1 optical range17; we have extended this 
range into the red and have been able to observe several 
unreported manifolds and a number of unreported lines. 
The unreported manifolds have been identified as 
IPo -* 1 ^ , *FS and 1D2-^

iF29
 3#6 and zHb transitions; 

the unreported lines are weak and belong to the 
3P0 —» ZF*9

8£Te, and WB transitions. 
The space symmetry of LaF3 crystals is DM?9 the 

ion impurity sites have been found to have C2* sym-

37 G. F. Imbusch, W. M. Yen, A. L. Schawlow, G. E. Devlin, 
and J. P. Remeika, Phys. Rev. (to be published). 

38 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
89 R. W. G. Wyckoff, Crystal Structures (Interscience Pub

lishers, Inc., New York, 1951), Vol. H. 
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5 

» 1 % Pr3+in LaFaat 77°K. 
b Positions obtained from Ref. 17. 
o Arbitrary intensity scale, 1 denotes very strong line, 5 denotes very 

weak line. 
* Not reported in Ref. 17. 
f Line asymmetric. 
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^ FIG. 2. Optical spectrum of 1% LaF3:Pr3+ at 77°K. Transi
tions involved are as shown; very sharp lines are gas discharge 
references. 

metry which can be considered as distorted Z^.40-42 

For non-Kramers ions, C2v symmetry will in general 
lift all degeneracy in a given / state, i.e., each weak 
crystal-field / state will split into 2J+1 nondegenerate 
levels. Radiative transitions in this coordination are all 
electric dipole transitions, since no inversion symmetry 
exists about the ion site. The selection rules are easily 
worked out.20 

1% La F : Pr ABSORPTION SIDEBAND 

TEMPERATURE*. 4.2 °K 

<M CMCMOJrO to 

FIG. 3. Absorption sideband of 3B4~^SP0 transition of 1% 
LaF3:Pr3+ at 4.2°K. Distance of sideband peaks from the "no-
phonon" 4778 A line are shown on upper scale. 

4 0 1 . Oftedal, Z. Physik. Chem. 6, 272 (1929); 13, 190 (1931). 
41 D. A. Jones, J. M. Baker, and D. F. D. Pope, Proc. Phys. 

Soc. (London) 74, 249 (1959). 
42 E. Y. Wong, O. M. Stafsudd, and D. R. Johnston, Phys. Rev. 

131, 990 (1963). 

The fluorescence of LaF8:Pr3+ originates primarily 
from the singlet 3P0 level which is 20 925 cm-1 above the 
lowest crystal state of the 3i74 ground-state manifold. 
Relatively weak emission is also observed from the xDi 
level, but no emission originates from 3Pi or higher 
levels. The observed emission spectrum in the 10 000 
to 21 000 cm"-1 region is summarized in Table I. The 
energy level assignment is in very good agreement with 
that of Wong and co-workers.17 The lines marked with 
asterisks (*) in the 3P0—>3^4,8#6, and 3#4 manifolds of 
Table I were weak lines unreported in the reference and 
apparently correspond to first-order forbidden transi
tions and which can occur through slight distortions or 
imperfections in the ion site symmetry. Figure 2 shows 
the emission spectrum of LaF3:Pr3+ at 77°K. 

We have observed vibrational sidebands of the 
various fluorescence and absorption manifolds. At 
4.2°K, as expected, emission sidebands appear to the 
red or less energetic side of the parent pure electronic 

1% L a F 3 : P r 3 + 

f- EFFECTIVE />(«) vs PHONON FREQUENCY 

FIG. 4. "Effective density of phonon states" p(oo) of 
LaF3:Pr3+ approximated from Eq. (9a). 

transition whereas the absorption sidebands appear to 
the blue of the parent line. Since each sharp line elec
tronic transition is accompanied by such sidebands, 
observed sidebands of a given Stark manifold are 
greatly complicated by overlap. The simplest transition 
is the 3i?4 —> 3Po absorption singlet at low temperatures; 
the observed sideband of this transition is shown in 
Fig. 3. The various prominent peaks that appear in the 
figure are probably frequencies corresponding to the 
normal modes of the impurity site unit cell.43'44 In the 
approximation of Eq. (9a), we obtain the effective 
density of state which is shown in Fig. 4, and which we 
will use throughout. 

Figure 5 shows the emission sideband of the 3P0 —»3F2 

transition; some of the frequencies appearing in Fig. 3 
appear to be identifiable in this sideband. A detailed 
analysis of the sideband structure is not undertaken in 

4 3 1 . Richman, R. A. Satten, and E. Y. Wong, J. Chem. Phys. 
39, 18 (1963). 

4 4 1 . Richman, Phys. Rev. 133, A 1364 (1964). 



P H O N O N - I N D U C E D R E L A X A T I O N A 277 

this paper since the low site symmetry makes normal-
mode analysis very difficult. Using Fig. 14, however, 
we may make an estimate of the Debye temperature of 
LaF3 by averaging over the structure and approximat
ing the total area by a smooth Debye curve. This 
procedure yields a value 

02>=36O°K, (10) 

which is consistent with previously reported values12 

and with the general bulk elastic properties of the 
lattice.45 

V. RESULTS AND INTERPRETATION 

A. Line Shapes and Widths at 4.2°K 

In this section we discuss the observed low-tempera
ture line shapes of four groups of radiative transitions 
originating or terminating on the singlet 3P0 state of 

6334 & 

6305A" 

!%La F3-' Pr 

EMISSION SIDEBAND OF 3P( 

16402 A 

F2 TRANSITION 

6506A 

A v IN cm 

6331 A 
<fr<d-cooooj a> <jno 
NcnOcM-si- oo—to 

OJOJCM CVJ roro 

6350 A 
O 

O^tf CJ 00 
<friON- CJ <fr 
— OJ CM ro ro 

6357 & 

6388 A 

FIG. 5. Vibrational sideband of 3P0 ~> *F2 transition at 77°K. 
Sharp lines are Ne reference lines; vibrational peak distances 
from various "no-phonon" lines are shown in lower scale. 

4.2 *K 

Aw =0.53 cm~! 

EXPERIMENTAL POINTS 

FIG. 6. Low-temperature line shape of 5985 A line shown against 
normalized Gaussian and Lorentzian shapes. 

where 

<(3Po) = 
/K6D\7 

47T3pV0\ fl J 

X{2{3P0 |P|3Po)+E / \(Aj\D\zPo)\2}: (11a) 

and X/ is the sum over all other electronic states 

At low temperatures, the width of the 3P0 state may, 
thus, be considered negligible and Eq. (7a) reduces to 

Avij= Avi. 

We then may expect to observe the homogeneous con
tribution of the terminal (or originating) state in a 
fluorescence (or absorption) transition involving the 
3P0 state if the strain contributions are such that 

A - STRAIN S&»i. 

We find that all lines investigated, with the exception 
of the low-temperature 5985 A(3P0—> (3#e)i) and 
4778 K((ZH4)1—* *Po) lines, show Lorentzian shapes to 
within experimental error (Figs. 6 and 7). The two 

LaF3:Pr3+. In particular, we discuss the strong fluo
rescences to the 3P4, SF2,

 3#6> and W4 Stark levels and 
the 3#4—>3Po absorption which is a singlet at low 
temperatures. 

The 3P0 state is a metastable state with a radiative 
lifetime of ̂  100 /xsec46; the state is thermally broadened 
solely through a modulation via lattice phonons. This 
modulation is just the Raman process discussed in 
Sec. III.3 The homogeneous width of the 3Po state may 
then be described as 

AK3Po) = a(3Po)(P/M7?6(^/P), (ID 
45 This procedure is in complete analogy to that used in Cr3+ 

and V2+ studies (Refs. 7 and 9). In the latter an "effective or 
reduced" Debye temperature is used; lack of specific data on the 
LaF3 lattice prevents us from following the latter procedure. 
Conversely, the actual Debye temperature should be larger than 
our estimated values. 

46 R. Solomon (private communication). 

LaF 3 : p r ' 1% 
3P0-3H6(6000A) 

4.2 °K 

-EXPERIMEP4TAL POINTS 

FIG. 7. Low-temperature line shape of 6000 A line shown 
against normalized Gaussian and Lorentzian shapes. The slight 
wing deviations may be corrected by substracting the strain 
width. 



A 278 Y E N , S C O T T , A N D S C H A W L O W 

! % La F : P f 3 + 

CRYSTAL F I E L D STATES OF 

fr 
5 9 

IL 

AND F g M A N I F O L D S 

7163 cm*"1 (9) 

31 

37 

11 

(8 ) 
17) 

( 6 ) 
( 5 ) 

( 4 ) 

( 3 ) 

5 2 8 0 cm"1 ( 4 ) 

hr 
( 3 ) 

( 2 ) 

( 2 ) 
6 9 3 2 cm"*1 ( I ) 

5 1 3 6 c m ( I ) 

3 6 2 

2 1 4 

- 6 7 1 8 cm ( 7 ) 4 7 7 4 cm (13) 

FIG. 8. Schematic energy level diagram of the *FA and *F* 
manifolds of LaF3:Pr3+ showing nearest adjacent crystal-field 
states, 

exceptions show line shapes that approximate Gaussians, 
indicating that the levels are being inhomogeneously 
broadened. The 5985 A line of LaF3:Pr3+ at 4.2°K is 
shown in Fig. 647; the profile follows a Gaussian closely 
at the center and shows slight deviations at the wings. 
Such deviations have been observed and reported for 
the 4.2°K R lines of MgO: Cr3+ and V2+ and are likely 
to be caused by macroscopic crystal strains.9 The strain 
width is such that 

(A*>)4 
:(Aj>)5 985S T R A I N=0.53cm-1 . (12) 

We make the assumption that the strain width is a 
constant for all observed transitions, and that it is 
independent of temperature. Neither one of these 
assumptions is rigorously justifiable; however, the error 
introduced by making such assumptions is probably 
small.9 

Figure 7 shows the 6000 A (3Po-> (3#6)2) line in 
profile. The contour follows a Lorentzian far into the 
wings indicating that it is lifetime limited; as we shall 
see in the next subsection, we can attribute this life-

47 There is additional interest in this line since it recently has 
been reported to exhibit stimulated emission. R. Solomon and 
L. Mueller, Appl. Phys. Letters 3, 135 (1963). 

time to relaxation to the (8<0e)i state via spontaneous 
emission of phonons. 

The measured widths, at 4.2°K, having been cor
rected for the strain width, yield from Eq. (7) the 
spontaneous emission coefficients of single or multiple 
phonons, i.e., Y,3<$u and Xj<ii£#. These values are 
used in obtaining quantitative predictions for the ther
mal dependence of linewidths. 

The dominant inter-Stark manifold relaxation mecha
nism may be determined by considering the 4.2°K 
widths of the lowest energy state of each manifold. 
The schematic energy level diagrams of the manifolds 
studied are shown in Figs. 8 and 9; for the excited 
manifolds 3JP4,

 3F2, and ZH^ we observe the strain cor
rected values to follow the relation 

A*(V«)i=7.20 cm-1>AK3^2)i=2.16 cm"1 

»AK 3 # 6 ) i ^0 . (13) 

Equation (13) may easily be understood, for the life
time of the lowest state of each manifold depends on the 
energy separation to the next lowest crystal-field level. 
From Figs. 8 and 9 for the (3F4) states £(3F4)i~-£(3F4)7 

<K#D, and relaxation may occur via the direct process, 
whereas ions in the ZF* and 3£T6 states must emit two 

1 % La F, Pr 

CRYSTAL FIELD STATES OF 

AND 3hT. MANIFOLDS 

n" 
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FIG. 9. Schematic energy level diagram of the 3H6 and sBi mani
fold. Levels (3#6)i2 and (^4)9 were not assigned. 
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and n phonons, respectively, in order to relax since 

£ ( 3 F 2 ) I - £ ( 3 # 6 ) 1 3 > K 0 Z ) 
and 

EpHdi-EVHfoOKOD. 

Thus, from Eq. (5b), the low-temperature widths 
should indeed follow the condition 

Av(*Fdi>Av(*F2)i»Av(*Ht)i (13a) 

and we may conclude that the dominant inter-manifold 
relaxation mechanism is a one-phonon process for the 
(sFi) states, a two-phonon process for the (ZF2) states, 
and a ^-phonon process for the (SH6) states. 

The (^6)1 state is the terminal state of the 5985 A 
fluorescence line discussed previously and shown in 
Fig. 6. The strain width completely masked the homo
geneous contribution of this level indicating that it is 
probably metastable and that there is a possibility that 
this level may relax via a radiative transition. 

B. Linewidths and Temperature Dependence 

We now discuss the observed temperature depend
ence of the linewidths of some of the strongest radiative 
transitions involving the singlet 3Po state. The experi
mental results and identification of the transitions 
studied are shown in Figs. 10, 11, 12, and 13. All line-

P0 TRANSITION 

80 160 
TEMPERATURE °K 

FIG. 11. Temperature dependence of the linewidths of three 
strong lines of the 3#4-*3Po transition. The 4791A was not 
investigated except at 4.2°K (see text). 
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THREE LINES OF 3PQ-3H6 TRANSITION 
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P 6000 A / 
A 6014 A / 

- A STRAIN n _ , „ _, / Av =0.53 cm ' / 

_ Av= |3.50{po(79)+l} + 0.55{po(35) + l} / 
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. •'•<4)«.&)K / / 
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\p °y 

/t» jjy 

^ r s6**~~^~-kv* J 1.70 pQ(44) +3.50 po (79) 

• ~~^\ i J L_ 1 I _ 1 
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240 

FIG. 10. Temperature dependence of the linewidths of three 
strong lines of the 3Po —» 3#e transition. Solid lines are calculated 
values of the functions shown in diagram. Error bars on experi
mental points are ±10%. 

widths have been corrected for strain taking Ai>STRAIN 

= 0.53 cm-1 and using the numerical results of Posener.36 

As expected, all widths increase as temperature in
creases; we note, further, that the widths of a given 
manifold exhibit characteristic and similar temperature 
dependences. This dependence varies among the groups 
studied. For example, the widths of the BH4 states in
crease 30-50 cm-1 in going from 0-300°K, whereas the 
ZF2 widths increase by only 5-10 cm"1 over the same 
range. 

Referring to the schematic energy level diagrams 
(Figs. 8 and 9) and assuming the temperature depend
ences of phonon relaxation processes of Sec. I l l , we 
can quantitatively explain the thermal behavior of the 
linewidths studied. In the following section, we discuss 
the results of one set of transitions in detail to illustrate 
our procedure. 

(i) The 3HQ Manifold 

The temperature dependence of the linewidths of the 
8Po—* (8#6)i,2,3 transitions is shown in Fig. 10. The 
widths in the 0-300°K temperature range may be well 
described by relations of the type given by Eq. (7). 

For the levels of the dH6 manifold with £i<i2£#f=0, 
Eq. (7a) reduces to 

A^+AK8Po) = 7 r E / M > ( ^ ^ 

+ai(T/eDy^(eD/T), (14) 
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FIG. 12. Temperature dependence of the linewidths of four 
strong lines of the SPQ—>3F2 transition. The 6388 A line was 
not fitted. 

where Av(zPo) is given by Eq. (11). For simplicity in 
fitting all our linewidth results, we have neglected 
single-phonon absorption processes involving the (W6)4 
and higher levels. For these levels, in the temperature 
ranges studied, the neglect of these processes will intro
duce errors less than our experimental accuracy of 
± 1 0 % . 

From Eq. (3), it is clear that 

Pij—Pj<> (15) 

thus, for the three levels of the ZH6 manifold studied, 
the following six coefficients remain to be determined 
from our data: /3i2, Pu, &3, «i, «2, az. 

From the previous sections, we note that the 0°K 
intercept of the linewidth curves yields 

and 
Ai>2 = 7r02i=7r/3i2, (16) 

Az>3 = 7 r ( f t i + f e ) = 7r(/313+/?23). (17) 

Equations (16) and (17) then reduce the undeter
mined parameters to four. 

For level (3£f6)i, with pu determined by Eq. (16), we 
require a two-parameter fit to account for the tempera
ture dependence of the linewidths, i.e., we need to 

determine fin and «i. The determination of these two 
coefficients may be carried out quite accurately, since 
the functional temperature dependence of the direct 
and Raman processes differ dramatically. Once flu is 
determined, £23 is uniquely determined through Eq. 
(17); the widths of (We) 2 and (We)3 each then contain 
one undetermined coefficient,i.e.,a2 and az, respectively, 
since all direct process coefficients /3# have been fixed. 
Thus, the determination of the coefficients is not as 
arbitrary as it might seem at first glance, on the con
trary, the self-consistency required by equations of the 
type Eqs. (15), (16), and (17) and the experimental 
results serve to overdetermine the fitting process. 

We find for three lines studied, the temperature de
pendence of the linewidths is describable by 

Aj>1={1.70^o(44,r)+3.50^0(79,2n) 

+ 170(T/dDyUOD/T)}cm-i-Av(*Po), (18a) 

Aj>2={1.7C[^o(44,r)+l]+0.55^o(35,r) 

+m(T/eDyb(pD/T)}cm-1-AP(*P0) , (i8b) 

AP»={3.SO[>o(79,70+l]+O.SS[>o(3S,r)+l] 
+ 3 1 0 ( r / M 7 ^ ( ^ / r ) } c m - 1 - A K 3 P o ) . (18c) 

The splittings involved in po(coij,T) are in reference to 
Fig. 9, and 7r/3i2= 1.70 cm -1, ^13=3.50 cm"1, and wfcz 
= 0.55 cm - 1 satisfy Eqs. (16) and (17) to within experi
mental accuracy. 

The calculated values of Az>i+Av(3P0) given by Eqs. 
(18a)-(18c) are plotted as solid lines in Fig. 10. The 
agreement with the experimental results is well within 
the experimental uncertainty of ± 1 0 % . 
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FIG. 13. Temperature dependence of the linewidths of five lines 
of the 3Po —* 3^4 transition. Solid lines areo best fit curves. The 
experimental values of the 7169 and 7150 A followed the values 
of the 7194 A closely and were not plotted. 



P H O N O N - I N D U C E D R E L A X A T I O N A 2 8 1 

25 

24 

23 

22 

21 

20 

1% La F3 : Pr 3 + 

3P0 POSITION vs TEMPERATURE 

_ > 2 0 925 ^ ^ - * -

N y 

^ ^ s . 

I 1 1 1 1 
D 50 100 150 200 250 

TEMPERATURE °K 

FIG. 14. Position of the 3Po state versus temperature (see text). 

(ii) The ZH4: Manifold 

The majority of the linewidths involving this mani
fold were taken in absorption. We find, using the pro
cedure already described, that for the two lines studied 
the temperature dependence of the linewidths is de-
scribable by 

Ah= {5.60£o(66,r)+0.50£o(137,T) 

+ 200(T/eDy^(On/T)}cm-l~-Av(*Po) (19a) 
and 

Av 4 ={0 .50[>(137 , r )+1] 

+5 .20[^ 0 (72 , r )+ l ]+6 .20^o(58 , r ) 

+ 2lO(T/dDy^(dD/T)}cm-l-Av(*Po). (19b) 

Results are shown in Fig. 11, the solid lines again being 
calculated values of Eqs. (19a) and (19b). 

Referring to the energy level diagram of W 4 (Fig. 9), 
the above two relations were fitted by considering the 
center of gravity of the 2nd and 3rd levels, the error 
introduced in this manner is within our experimental 
accuracy. Even at 77°K, the two levels could not be 
clearly resolved in absorption and the lines showed 
unaccountable complicated structure. The single point 
in Fig. 11 involving the (8£T4)2 level, i.e., the 4971 A 
line, was measured in fluorescence at 4.2°K; the corre
sponding low-temperature transition involving the 
(^4)3 level is weak and no width measurements were 
attempted. 

(Hi) The ZF2 and ZF± Manifolds 

For the 3Po—>*F2 transitions (Fig. 12), we find the 
widths to be describable by 

AP!-{2.16+0.40^0(44,r) 

+0.30po(63,T)+1.62p0(U2,T) 

+3O(T/dDyU0D/T)}cm-l-Ai>(*P0), (20a) 

Av2= {2 .60+0.40[^ 0 (44 , r )+ l ] 

+0.20^0(19,r)+0.20^o(96,r) 

+ 4 5 ( r / ^ ) 7 ? 6 ( ^ / r ) } c m - 1 - A K 3 P o ) , (20b) 

Af>8={4.10+0.30|>o(63,r)+l] 
+0.20[^ 0 (19 ,T)+l]+0.50^o(77, r ) 
+ 50(T/eDy^(dD/T)}cm-l~ Av(*Po). (20c) 

The first term in Eqs. (20a)-(20c), is the temperature-
independent multiphonon relaxation coefficient Ysj<%Kij 
discussed in Sec. V-A. The interesting feature of these 
relations is the fact that the Raman coefficients a% are 
down nearly an order of magnitude from those en
countered in the ZH4 and SHQ manifolds. This will allow 
us to make an estimate of the 3Po contribution to 
transition linewidths. 

Results of the linewidth measurements for the 
3Po—> 3^4 transitions are shown in Fig. 13. We did not 
attempt to obtain a curve fit for these widths, since the 
lines are not well resolved, and the positions of the 
energy levels of the 3F4 manifold (Fig. 8) are such as to 
make the process difficult. 

(iv) Widths of the 8Po State 

The temperature dependence of the width of the ZPQ 
state is given by Eq. (11). Without a priori knowledge of 
the crystal-field parameters entering into the D operator, 
a precise separation of the 3Po contribution in Eqs. 
(18a)-(18c), (19a), (19b), and (20a)-(20c) is impos
sible. Equation (20a), however, puts an upper limit to 
the broadening of the 3P 0 state, since 

Thus, 
« ( 3 Po)<5( 3 P 2 ) 1 =30cm-

Av(*Po)MAx=30(T/dDyUOD/T), (21) 

which at 300°K yields a value of ^ 4 . 0 cm -1 . Hence, for 
the (W4) and (BH&) levels studied, the maximum con
tribution possible to the linewidth due to the broadening 
of the 3P 0 state is never larger than 20%, and Eqs. (18) 
and (19) represent the actual widths of the levels to 
within this accuracy. 

FIG. 15. Peak positions of three strong lines of the 3Po —> 3#e 
transition plotted against temperature. Line pulling accounts for 
the observed peak shifts. 
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C. Line Shifts 

The positions of the transitions 3Po~-»sF4,
 ZF2, and 

ZH§ and ZH± —» 3PQ were also investigated as a function 
of temperature. Results of our measurements are 
shown in Figs. 14-17. 

Figure 14 shows the temperature dependence of the 
position of the 3Po state inferred from the 3J9r

4 —>3P0 

measurements and where we have used the ground 
state, i.e., the (ZHA)I level, as the zero reference point. 
From Eq. (18), it should be clear that the ground state 
need not be stationary. At higher temperatures, the 
position of the (3#4)i—> 3Po is difficult to measure with 
great accuracy, due to the considerable broadening of 
the transition widths, and the results above 200°K 
should be taken as minimum shift values of the 3P0 

state. 
No attempt was made to correlate the observed values 

quantitatively, although correlation is possible; we can, 
however, point out some qualitative features of the 
energy shift of rare-earth ions in crystals. 

The position shifts of the peaks of the 5985 A and 
6014 A lines of the 8P0-> 8ff6 manifold (Fig. 15) may 
be accounted for by line pulling due to thermal broaden
ing of the three lines studied35; thus, the (3#6)i,2,3 levels 
appear to shift with the same thermal dependence as 
the 3Po state. For the transitions involving the ZF2 and 
3P4 states (Figs. 16 and 17), again using the (3#4)i 
position as the zero-energy reference point, correction 
for the temperature dependence of the 3Po position 
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FIG. 16. Peak positions of 3Po —» *F2 transitions as a function 
of temperature. *F2 level shifts are obtained by correcting for 
3Po shift given by Fig. 14. 

FIG. 17. Peak positions of 3PQ —> ZF± transitions 
versus temperature. 

yields level shifts in these manifolds to the red as well 
as to the blue. Shifts of this nature have been reported 
by Paetzold in levels of Nd3+ in hydrated salts and can
not be accounted for by thermal changes in the lattice 
parameters.2,9 

Consideration of the shift expression [Eq. (8)], 
yields a tentative explanation. From Eqs. (6a) and 
(6b), the line width Raman coeficient at- is roughly the 
square of the line shift coefficient 3,- in Eq. (8); for the 
3JF2 manifold, from Eqs. (20a)-(20c), the Raman co
efficient is small implying that on will also be small. 
Conceivably, in cases like this, the contributions from 
the principal part integrals might be comparable to 
those from the first term of Eq. (8); if this is the case, 
the shift for (3i72)i will be unidirectional with the cti 
term since all nearby crystal-field levels are such that 
j>i, whereas, for (^2)4, with j<i, the principal part 
contribution will be in a direction opposite to the on 
term. That this is the case is easily verified from Fig. 6. 

VI. DISCUSSION 

By consideration of a simple phonon-ion interaction 
picture, we have shown that this model accounts ade
quately for the temperature dependence of the line-
widths and possibly the positions of optical transitions 
ofLaF3:Pr3+. 

Since crystal fields can be considered as perturbations 
in the case of 4 / electrons, the rare earths lend them
selves nicely to theoretical calculation. Thus, in prin
ciple, by using the methods of Elliott and Stevens,18-19 
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it would be possible to evaluate the crystal-field matrix 
elements due to perturbations C and D.4B Unfortu
nately, the low symmetry and the complete lack of 
knowledge of crystalline-field parameters of the ion site 
of Pr34" in LaF3 prevent us from other than a semi-
empirical determination of the matrix elements appear
ing in Eq. (7). It would be of considerable interest to 
extend this study to rare-earth ions in crystal lattices 
where there exists more knowledge of crystalline-field 
parameters and the site symmetries may be analyzed 
with less tedium. 

With the aid of knowledge of the effective density of 
phonon states and from the direct process coefficients 
Pij, we may determine the relative sizes of the matrix 
elements of operator C. For example, from values ob
tained in Sec. V-B, and referring to Fig. 4, for the 
(ZHQ) states 

|<(»tf,),|C| eF6)1)l2^0.67[(eFe)2 |C| p f f . ) ^ ' (22a) 

and 

|<(»ff.)a|C| (3^6)2)|2^1.40|(eF6)2 |C| (3#6)i>|2. (22b) 

Equations of the type (22a) and (22b), which may be 
obtained semiempirically, should serve as a considerable 
time-saving aid in the calculation of crystalline-field 
perturbations. 

It is also interesting to point out that correlation 
may now be obtained between optical linewidth studies 
and ESR spin-lattice relaxation measurements. In fact, 
the so-called Orbach process28,49'50 in ESR which nor
mally involves the first excited state of the ground-state 
manifold yields a coefficient which is just the direct 
process coefficient between the first excited and the 

48 Contributions from the C operator may also be evaluated 
empirically by the use of the stress method of Ref. 32. 

49 R. Orbach, Proc. Roy. Soc. (London) A264, 456 (1961). 
60 C. B. P. Finn, R. Orbach, and W. P. Wolf, Proc. Phys. Soc. 

(London) 77, 261 (1961). 

ground states. As it has already been pointed out, the 
magnitude of this coefficient leads to observable broad
ening of the excited level. In the case of Pr3+ in LaF3, 
the Civ coordination of the ion site lifts all degeneracy 
and no ESR studies are possible on the ground state. 
Correlation in this coordination is, however, possible in 
Kramers degenerate ions and are now being conducted 
in this laboratory.51 

A more detailed quantitative study need be made of 
the temperature dependence of the level positions of 
rare-earth ions in solids. Confirmation of Eq. (8) would 
yield additional information on the lattice-ion inter
action parameters C and D\ such a study is now also 
being conducted in this laboratory on LaF3: Nd3+.52 

Linewidth studies as a function of concentration of 
impurity ions should also be conducted to ascertain the 
effect of exchange and other phonon-related phenomena. 
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